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The equations of Lagrangian, ideal, one-dimensional (1D), compressible gas dynam-
ics are written in a multi-symplectic form using the Lagrangian mass coordinate m
and time t as independent variables, and in which the Eulerian position of the fluid
element x = x(m, t) is one of the dependent variables. This approach differs from the
Eulerian, multi-symplectic approach using Clebsch variables. Lagrangian constraints
are used to specify equations for xm, xt and St consistent with the Lagrangian map,
where S is the entropy of the gas. We require St = 0 corresponding to advection of
the entropy S with the flow. We show that the Lagrangian Hamiltonian equations
are related to the de Donder-Weyl multi-momentum formulation. The pullback con-
servation laws and the symplecticity conservation laws are discussed. The pullback
conservation laws correspond to invariance of the action with respect to translations in
time (energy conservation) and translations in m in Noether’s theorem. The conser-
vation law due to m-translation invariance gives rise to a novel nonlocal conservation
law involving the Clebsch variable r used to impose ∂S(m, t)/∂t = 0. Translation
invariance with respect to x in Noether’s theorem is associated with momentum con-
servation. We obtain the Cartan-Poincare´ form for the system, and use it to obtain
a closed ideal of two-forms representing the equation system.
PACS numbers: 47.10.Df, 47.10.A, 47.10.ab, 45.20Jj, 0.230.Jr
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I. INTRODUCTION
In a recent paper, Webb et al. (2014c) obtained a multi-symplectic formulation of mag-
netohydrodynamics (MHD) by using Clebsch variables in an Eulerian variational principle,
in which the Lagrangian is modified by constraints using Lagrange multipliers, that ensure
mass, entropy, magnetic flux and the Lin constraint are conserved following the flow. The
work of Webb et al. (2014c) used similar methods to Cotter et al. (2007) who derived multi-
symplectic equations for fluid dynamic type systems. The work of Cotter et al. (2007) uses
the Euler-Poincare´ approach to Hamiltonian fluid type systems developed by Holm et al.
(1998). Webb and Mace (2015) derive a generalized potential vorticity type conservation
law in MHD by using Noether’s second theorem, in conjunction with a non-field aligned
fluid relabelling symmetry.
Work on multi-momentum Hamiltonian systems has a long history, going back to the work
of de Donder (1935) and Weyl (1935) where multi-momentum maps and generalized Legen-
dre transformations were introduced to generalize Hamiltonian mechanics to a more covari-
ant formulation, where time in a fixed reference frame is not the only evolution variable in the
equations. The de Donder-Weyl Hamiltonian equations apply to action principles in which
the Lagrangian L = L(x, ϕi, ∂ϕi/∂xµ) in the independent variables x and the dependent field
variables ϕi (1 ≤ i ≤ m say), includes at least two independent derivatives ∂ϕk/∂x1 and
∂ϕk/∂x2 say, for ϕk. It turns out that the equations of ideal, 1D Lagrangian gas dynamics
can be cast in the de Donder-Weyl Hamiltonian form, since the Lagrangian L in the formu-
lation depends on both xm and xt where x = x(m, t) defines the Lagrangian map, in which x
is a function of the Lagrangian mass coordinate m and time t. The de Donder-Weyl Hamil-
tonian then depends on the multi-momenta πtx = ∂L/∂xt, π
m
x = ∂L/∂xm, π
t
S = ∂L/∂St (see
e.g. Kanatchikov (1997, 1998), Forger et al. (2013), Forger and Romero (2005)). There is
an extensive literature on multi-symplectic and multi-momentum Hamiltonian systems (see
e.g. Gotay (1991a,b), Gotay et al. (2004a,b), Roman-Roy (2009), Marsden and Shkoller
(1999), Carinena et al. (1991), Bridges et al. (2005, 2010), Kanatchikov (1993, 1997, 1998),
Cantrijn et al. (1999)).
Bridges et al. (2010) relate multi-symplectic structures and generalized Hamiltonian dif-
ferential equation systems to the variational bicomplex. The system of equations is written
in the generalized Hamiltonian form X yω = −dH where X is a generalized Hamiltonian
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vector field, ω is the symplectic form, and H is the generalized Hamiltonian. In this de-
velopment H can be a differential form (i.e. H need not be a scalar) and X can be a
multi-vector. This approach circumvents the need to use a Legendre transformation relating
the Lagrangian to the Hamiltonian of the system, which is not always obvious for the case of
singular Lagrangians. In the variational bicomplex, the exterior derivative d is split up into
horizontal (dh) and vertical (dv) components (i.e. d = dh + dv). The horizontal component
of dhf for a function f involving u and their derivatives and associated contact one-forms
and tensors (i.e. the jet space), corresponds to changes on the solution manifold where the u
explicitly depend on the independent variables x. The vertical component dvf corresponds
to changes in the contact one-forms in the jet space which are non-zero off the solution
manifold (but are zero on the solution manifold). Both dh and dv are needed to compute
higher order derivatives and differential forms and multi-vectors.
For the case of singular Lagrangians, Dirac’s theory of constraints is useful in determining
the Hamiltonian and a new Poisson bracket (the Dirac bracket) that satisfies the Jacobi
identity (e.g. Chandre (2013), Chandre et al. (2013)).
One of the benifits of the multi-symplectic formulation of the fluid equa-
tions is that both space and time can be thought of as evolution variables (e.g.
Bridges et al. (2005))). This is useful in the formulation of travelling wave prob-
lems, where two distinct Hamiltonian formulations of the equations are possible
with, distinct Hamiltonians (e.g. Bridges (1992), Webb et al. (2005, 2007, 2008,
2014d)). For systems in one Cartesian space variable x and one time variable
t, both x and t can be regarded as the evolution variable. In the case that
time is regarded as the evolution variable, the Hamiltonian corresponds to the
conserved energy flux, in which the conserved x-momentum flux acts as a con-
straint. However, in the case that space variable x is the evolution variable,
the conserved momentum flux is the Hamiltonian and the conserved energy flux
acts as a constraint. One of the original motivations for the multi-symplectic
approach to field theory, was the desire for a covariant Hamiltonian formulation
that is frame independent (e.g. Gotay et al. (2004a,b)). In the usual Hamilto-
nian approach, the space and time variables are first chosen, and the equations
are written in Hamiltonian form, in which time is the evolution variable. This
leads to non-covariant evolution equations. Multi-symplectic Poisson bracket
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formulations of multi-symplectic systems have been developed for example, by
(Kanatchikov (1993, 1997),Forger et al. (2013); Forger and Romero (2005)).
Our main aim is to obtain multi-symplectic and multi-momentum equations in fluid
dynamics by working directly with the Lagrangian fluid dynamics equations (see e.g.
Courant and Friederichs (1976), Sjo¨berg and Mahomed (2004) for 1D gas dynamics and
Newcomb (1962) for the case of magnetohydrodynamics). Akhatov et al. (1991) and Bluman et al.
(2010) give comprehensive accounts of planar gas dynamics, and the associated conservation
laws of the equations using potential symmetries of the equations and related equations (the
so-called tree of equations related to the gas dynamic equations) using both the Eulerian
and Lagrangian form of the equations. Verosky (1984) studied higher order symmetries
and recursion operators for symmetries of the 1D, isentropic gas dynamic equations. Nutku
(1987) and Olver and Nutku (1988) have studied the bi-Hamiltonian and tri-Hamiltonian
structure of the 1D gas dynamic equations for the case of an isentropic gas (S = const.).
The outline of the paper is as follows. In section 2, we present the equations of 1D Eulerian
gas dynamics, including a discussion of the first law of thermodynamics. In Section 3, we
introduce the Lagrangian map for 1D gas dynamics and write the equations in terms of
the Lagrangian mass coordinate m and time t as independent variables where x = x(m, t)
gives the Eulerian position of the fluid element. A Lagrangian variational principle (e.g
Broer and Kobussen (1974), Webb and Zank (2009)) without constraints is used to describe
the system. The Euler Lagrange equations for the system give a nonlinear wave equation
for x = x(m, t) in which the entropy S = S(m) is a pre-specified function of m. In Section
4, we develop a constrained variational principle using m and t as independent variables, in
which the Lagrangian fluid dynamic equations xm = τ (τ = 1/ρ), xt = u, and St = 0
are treated as constraints. To ensure that ∂S(m, t)/∂t = 0 we add a constraint term
r∂S/∂t to the Lagrangian. Variations of the action with respect to x gives the Lagrangian
momentum equation. The variational principle requires that ∂r(m, t)/∂t = −T where T is
the temperature of the gas. This formulation is used to derive a de Donder-Weyl, multi-
momentum Hamiltonian description of the system (Section 4.1). In Section 4.2 we derive the
multi-symplectic form of the equations, which uses the same dependent variables as the de
Donder-Weyl formulation. Section 4.3 derives the pullback and symplecticity conservation
laws (e.g. Hydon (2005)) for the system. It turns out that one of the pullback conservation
laws (which corresponds to translation invariance of the action with respect to the Lagrange
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label m) yields a nonlocal conservation law involving the Clebsch variable r. In Section
4.4 we show how the nonlocal pullback conservation law, and the momentum and energy
conservation laws arise from Noether’s theorem. Section 4.5 presents the Cartan-Poincare´
form for the system. The Cartan-Poincare´ form can be used to obtain a closed ideal of forms
representing the partial differential equation system. This set of forms can be used to obtain
the Lie symmetries and conservation laws of the system using Cartan’s geometric theory of
partial differential equations (e.g. Harrison and Estabrook (1971); Wahlquist and Estabrook
(1975)). It remains an open problem, to investigate in detail the closed ideal
of forms obtained from the Cartan Poincare´ form. Such an investigation will
depend on the detailed form of the equation of state for the system (i.e. the
dependence of the pressure p and energy density ε on the density ρ and entropy
S of the system). This will be useful in extending the many investigations of
1D gas dynamics for the barotropic gas case, where p = p(ρ), and ε = ε(ρ), to the
more general, non-barotopic case. Section 5 concludes with a summary and discussion.
II. ONE DIMENSIONAL GAS DYNAMICS
The time dependent, ideal, inviscid equations of Eulerian gas dynamics in one Cartesian
space dimension can be written in the form (Courant and Friederichs (1976), Sjo¨berg and Mahomed
(2004)):
∂ρ
∂t
+ u
∂ρ
∂x
+ ρ
∂u
∂x
=0, (2.1)
ρ
(
∂u
∂t
+ u
∂u
∂x
)
+
∂p
∂x
=0, (2.2)
∂S
∂t
+ u
∂S
∂x
=0, (2.3)
where u is the fluid velocity (assumed to be directed along the x-axis), ρ is the gas density
and p is the gas pressure, and S is the gas entropy. Equations (2.1)-(2.3) need to be
supplemented by an equation of state for the gas, (e.g. p = p(ρ, S)). The equation of state
of the gas is related to the first law of thermodynamics:
TdS = dQ = dU + pdτ where τ =
1
ρ
. (2.4)
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For ideal gas dynamics, dQ/dt = 0 and dS/dt = 0 where d/dt = ∂/∂t + u∂/∂x is the
Lagrangian time derivative moving with the flow. In (2.4) U is the internal energy of the
gas per unit mass, τ = 1/ρ is the specific volume, and T is the temperature of the gas. Using
the internal energy per unit volume, ε = ρU instead of U , the first law of thermodynamics
reduces to:
TdS =
1
ρ
(dε− wdρ) where w =
ε+ p
ρ
, (2.5)
is the enthalpy of the gas. Assuming ε = ε(ρ, S), (2.5) gives:
ρT = εS, w = ερ, p = ρερ − ε. (2.6)
From (2.5):
TdS = dw −
1
ρ
dp and −
1
ρ
∇p = T∇S −∇w, (2.7)
which is useful in obtaining the Eulerian energy conservation equation for the system.
III. THE LAGRANGIAN MAP
In fluid dynamics, the Lagrangian map is defined as the solution of the differential equa-
tion system (e.g Courant and Friederichs (1976), Broer and Kobussen (1974)):
dx
dt
= u(x, t), (3.1)
of the form x = X(x0, t) where x = x0 at time t = 0, in which the fluid velocity u(x, t) is
assumed to be a known function of x and t. If x = X(x0, t) is a 1-1 invertible map, then the
inverse map gives x0 = f(x, t) and the fluid velocity u is given by u = ∂X(x0, t)/∂t, where
the time derivative is taken with the Lagrange label x0 held constant.
For the case of 1D gas dynamics in one Cartesian space coordinate x, the Lagrangian
map implies:
dx =
∂x
∂x0
dx0 +
∂x
∂t
dt =
∂x
∂x0
(
∂x0
∂x
dx+
∂x0
∂t
dt
)
+
∂x
∂t
dt. (3.2)
which implies:
∂x
∂x0
∂x0
∂x
= 1,
∂x
∂t
+
∂x
∂x0
∂x0
∂t
= 0. (3.3)
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From (3.3) we obtain:
∂x0
∂t
+ u
∂x0
∂x
= 0, (3.4)
and hence the Lagrange label x0 is advected with the flow.
The mass continuity equation (2.1) may be written in the form:
ρ(x, t)dx = ρ0dx0 or ρJ = ρ0, (3.5)
where ρ0 = ρ(x0, 0) and J = ∂x/∂x0 is the Jacobian of the Lagrangian map. The Lagrangian
mass coordinate:
m =
∫ x
−∞
ρ(x′, t)dx′ =
∫ x0
−∞
ρ(x′0, 0)dx
′
0, (3.6)
can be used instead of x0 as a Lagrangian label. Note that m = m(x0) and the entropy
S = S(x0) are both advected with the flow. Using the definition of the Lagrangian map and
using (3.6) we obtain the auxiliary relations:
xm = τ =
1
ρ
and xt = u, (3.7)
where we regard x = x(m, t) to be a function of m and t.
A variational principle for 1D gas dynamics is well known (e.g. Courant and Friederichs
(1976), Broer and Kobussen (1974), Webb and Zank (2009)). The action is defined as:
A =
∫ ∫
Ldx dt =
∫ ∫
L0dm dt, (3.8)
where L and L0 are defined by:
L =
1
2
ρx2t − ε(ρ, S), L0(x,m, t) = xmL =
1
2
x2t − F (xm, m), F (xm, m) =
ε(ρ, S)
ρ
. (3.9)
The Lagrangian x-momentum equation for the system is given by the variational equation
δA/δx = 0, i.e.
δA
δx
= − (xtt + pm) = 0 where p = ρερ − ε = −
∂F (xm, m)
∂xm
, (3.10)
is the gas pressure. The Eulerian momentum equation ut + uux = −px/ρ is obtained by
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multiplying the Lagrangian momentum equation (3.10) by ρ = 1/xm (note xtt = ut + uux).
The Euler Lagrange equation (3.10) is in fact a nonlinear wave equation for x(m, t) of
the form:
xtt − a
2xmm
x2m
+ pSSm = 0, (3.11)
where a2 = (∂p/∂ρ)S is the square of the adiabatic sound speed of the gas. For the special
case of a gas with a constant adiabatic index γ, the gas pressure has the form:
p = p1
(
ρ
ρ1
)γ
exp
(
S
Cv
)
and ρ =
1
xm
. (3.12)
In this latter case (3.11) reduces to the equation:
xtt = N1x
−γ−1
m exp[S¯(m)]
(
γxmm − xmS¯m
)
. (3.13)
where N1 = p1ρ
−γ
1 and S¯ = S/Cv. This is a complicated, nonlinear wave equation for
x(m, t). However, it reduces to a linear elliptic equation for the case of the Chaplygin gas
with γ = −1 (e.g. Akhatov et al. (1991), Webb and Zank (2009)).
Using the first law of thermodynamics (2.5)-(2.7) we obtain the Lagrangian evolution
equation for the gas pressure as:
pt +
a2
τ 2
um = 0, (3.14)
where p = p(m, t) is the Lagrangian form for p. In the Lagrangian fluid description, the
mass continuity equation takes the form:
um = τt. (3.15)
The mass continuity equation (3.15) is a consequence of the integrability condition xmt = xtm
in the Lagrangian approach.
IV. DE DONDER-WEYL AND MULTI-SYMPLECTIC APPROACH
Consider the action:
Aˆ =
∫
Lˆ dtdm, (4.1)
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where the Lagrangian density Lˆ(x, t,m,u, τ,S, r) is given by:
Lˆ = L+ λ(xm − τ) + ν(xt − u) + rSt, L =
1
2
u2 − ετ. (4.2)
The constrained variational principle (4.1)-(4.2) with Lagrange multipliers λ, ν and r ensures
that the basic 1D gas dynamic equations:
xm − τ = 0, xt − u = 0 and St = 0, (4.3)
are satisfied. Here, L is the unconstrained Lagrangian density for 1D gas dynamics, i.e.
L = L0 where L0 is given by (3.9).
For the variational principle (4.1)-(4.2) the stationary point conditions for the action give
the equations:
δAˆ
δτ
=ρερ − ε− λ ≡ (p− λ) = 0,
δAˆ
δλ
= (xm − τ) = 0, (4.4)
δAˆ
δu
=(u− ν) = 0,
δAˆ
δν
= (xt − u) = 0, (4.5)
δAˆ
δS
=− (rt + T ) = 0,
δAˆ
δr
= St = 0. (4.6)
The variational equation:
δAˆ
δx
= − (νt + λm) = − (ut + pm) = 0, (4.7)
gives the Lagrangian momentum equation for the system.
Equations (4.4) and (4.5) give
λ = p and ν = u, (4.8)
for the Lagrange multipliers in (4.2). Thus, we can replace Lˆ in (4.1) by:
L˜(x, t,m, u, p, r, S) =
1
2
u2 −
ε
ρ
+ p(xm − τ) + u(xt − u) + rSt
=uxt + pxm + rSt −
(
1
2
u2 + w
)
, (4.9)
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where w = (ε+p)/ρ is the enthalpy of the gas and τ = 1/ρ. In (4.9) the Lagrange multiplier
r ensures that the entropy is advected with the flow, i.e. St = 0 where S = S(m, t). In our
analysis we use the state vector:
z = (x, u, p, S, r)T . (4.10)
The internal energy density ε = ε(ρ, S), p = p(ρ, S) and w = w(ρ, S). However, we prefer
to use p and S as independent variables to specify the state of the gas. We introduce the
function w˜(p, S) = w(ρ, S) in our analysis. By equating dw˜(p, S) and dw(ρ, S) we obtain
the partial differential relations:
w˜pa
2 = wρ, w˜ppS + w˜S = wS. (4.11)
Using the thermodynamic relations (2.4)-(2.7) we obtain:
w˜p =
wρ
a2
= τ,
w˜S =wS − pS
wρ
a2
=
εS
ρ
= T, (4.12)
where T is the temperature of the gas.
Consider the variations of the action A˜ (4.1), but with Lˆ replaced by L˜. Using (4.9) for
L˜ we obtain:
δA˜
δx
=− (ut + pm) = 0,
δA˜
δu
= (xt − u) = 0,
δA˜
δp
=xm − w˜p = (xm − τ) = 0,
δA˜
δS
=− w˜S − rt = −(rt + T ) = 0,
δA˜
δr
= St = 0. (4.13)
Thus, the variational equations (4.4)-(4.8) give the same variational equations as (4.13)
based on the variational derivatives of A˜ and L˜. Both approaches give the basic equations
of 1D Lagrangian gas dynamics, namely:
ut + pm = 0, xt = u, xm = τ, St = 0, rt + T = 0. (4.14)
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The equation for the Lagrange multiplier r is similar to the Lagrange multiplier equation
for β/ρ in the Eulerian Clebsch variable formulation (e.g. Zakharov and Kuznetsov (1997),
Morrison (1998),Holm and Kupershmidt (1983a,b), Webb et al. (2014c)). Note that St = 0
following the flow implies S = S(m). A similar variational principle to (4.9) was used by
Webb and Zank (2009) in a paper on conservation laws in 1D gas dynamics (equation (6.20)
of that paper).
A. The de Donder-Weyl formulation
A general description of the de-Donder Weyl equations and multi-symplectic
geometry has been given for example by Paufler and Ro¨mer (2002), who use the
language of fiber bundles. We present an elementary derivation of the general
form of the de Donder-Weyl Hamiltonian equations below. The basic results
concern an action principle of the form:
J =
∫
L(xµ, ϕi, ∂µϕ
i)dx, (4.15)
where the xµ are the independent variables, and the ϕi are the dependent field
variables. The Euler Lagrange equations for the variational principle (4.15) are:
δJ
δϕi
=
∂L
∂ϕi
−
∂
∂xµ
(
∂L
∂(∂µϕi)
)
= 0. (4.16)
The poly-momenta for the system are defined as:
πµi =
∂L
∂(∂µϕi)
, (4.17)
In the Hamiltonian description, the multi-symplectic Hamiltonian H(xµ, ϕi, πµi )
is governed by the generalized Legendre transformation:
H = πµi
∂ϕi
∂xµ
− L, (4.18)
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Proceeding as in classical mechanics (e.g. Goldstein (1980)), one obtains the
balance equations:
dH =dπµi ϕ
i
,µ + π
µ
i d
(
ϕi,µ
)
−
(
∂L
∂xµ
dxµ +
∂L
∂ϕi
dϕi +
∂L
∂(ϕi,µ)
dϕi,µ
)
=
∂H
∂xµ
dxµ +
∂H
∂ϕi
dϕi +
∂H
∂πµi
dπµi . (4.19)
Equating the coefficients of dxµ, dπµi , dϕ
i
,µ and dϕ
i gives the balance equations:
∂H
∂xµ
+
∂L
∂xµ
=0, (4.20)
ϕi,µ −
∂H
∂πµi
=0, (4.21)
πµi −
∂L
∂ϕi,µ
=0, (4.22)
∂L
∂ϕi
+
∂H
∂ϕi
=0. (4.23)
Using the Euler Lagrange equations (4.16), the definitions (4.17) of the poly-
momenta πµi and (4.21) and (4.23) we obtain the de Donder-Weyl Hamiltonian
equations:
∂ϕi
∂xµ
=
∂H
∂πµi
,
∂
∂xµ
(πµi ) = −
∂H
∂ϕi
, (4.24)
which are analogous to Hamilton’s equations in ordinary Hamiltonian mechanics,
in which the time t is the evolution variable. A more complete description of
the de Donder-Weyl equations using fiber bundles and jet bundles is given by
Paufler and Ro¨mer (2002).
Below, we use the above approach to multi-symplectic systems, to determine
the de Donder-Weyl equations for 1D Lagrangian gas dynamics. We introduce two
momenta corresponding to x(m, t) and a momentum associated with St via the momentum
maps:
πtx =
∂L˜
∂xt
, πmx =
∂L˜
∂xm
and πtS =
∂L˜
∂St
, (4.25)
where the Lagrangian L˜ is given by (4.9). We find:
πtx =
∂L˜
∂xt
= u, πmx =
∂L˜
∂xm
= p, πtS =
∂L˜
∂St
= r. (4.26)
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Introduce the Hamiltonian H by the generalized Legendre transformation:
H =πtxxt + π
m
x xm + π
t
SSt − L˜,
=uxt + pxm + rSt −
(
−
1
2
u2 + uxt + pxm + rSt − w
)
=
1
2
u2 + w, (4.27)
where w = (ε+ p)/ρ is the gas enthalpy. The Hamiltonian (4.27) is the Eulerian energy flux
per unit mass flux, i.e.
∂
∂t
[
1
2
ρu2 + ε(ρ, S)
]
+
∂
∂x
[ρuH ] = 0, (4.28)
is the Eulerian energy conservation equation. H in (4.27) can be expressed solely in terms
of the canonical momenta πtx = u, π
m
x = p and S.
In the general de Donder-Weyl theory, the basic idea is the generalized Legendre
transformation:
H = πtxxt + π
m
x xm + π
t
SSt − L˜(x, xt, xm, S, p, r, u, St), (4.29)
where the Hamiltonian density H has the form:
H = H(x, S, πtx, π
m
x , π
t
S). (4.30)
From (4.29) and (4.30) we obtain:
dH =
∂H
∂x
dx+
∂H
∂S
dS +
∂H
∂πtx
dπtx +
∂H
∂πmx
dπmx +
∂H
∂πtS
dπtS
=
(
xtdπ
t
x + π
t
xdxt + xmdπ
m
x + π
m
x dxm + Stdπ
t
S + π
t
SdSt
)
−
(
∂L˜
∂x
dx+
∂L˜
∂xt
dxt +
∂L˜
∂xm
dxm +
∂L˜
∂S
dS +
∂L˜
∂St
dSt +
∂L˜
∂u
du+
∂L˜
∂r
dr +
∂L˜
∂p
dp
)
.
(4.31)
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From the Euler Lagrange equations (4.13) we have:
∂L˜
∂u
=
δA˜
δu
= xt − u = 0,
∂L˜
∂r
=
δA˜
δr
= St = 0,
∂L˜
∂p
=
δA˜
δp
= xm − τ = 0. (4.32)
Equating coefficients of dxt, dxm, and dSt in (4.31) gives:
πtx =
∂L˜
∂xt
, πmx =
∂L˜
∂xm
, πtS =
∂L˜
∂St
, (4.33)
which are the usual definitions for the canonical momenta. Equating the coefficients of dπtx,
dπmx and dπ
t
S in (4.31) gives:
xt =
∂H
∂πtx
, xm =
∂H
∂πmx
, St =
∂H
∂πtS
, (4.34)
which are the canonical evolution equations of x with respect to t and h and the evolution
equation for S with respect to time. Equating the coefficients of dx and dS equal to zero
gives the equations:
∂L˜
∂x
+
∂H
∂x
= 0 and
∂L˜
∂S
+
∂H
∂S
= 0. (4.35)
In the present example ∂L˜/∂x = ∂H/∂x = 0 and ∂H/∂S = ∂w˜/∂S = T and ∂L˜/∂S = −T ,
which verifies the validity of (4.35). The Euler Lagrange equation δA˜/δx = 0 in (4.13) can
be written in the form:
∂
∂t
(
∂L˜
∂xt
)
+
∂
∂m
(
∂L˜
∂xm
)
−
∂L˜
∂x
= 0 or
∂πtx
∂t
+
∂πmx
∂h
= −
∂H
∂x
= 0. (4.36)
This equation is ‘canonically conjugate’ to the equations:
xt =
∂H
∂πtx
=
∂H
∂u
= u,
xm =
∂H
∂πmx
=
∂H
∂p
= τ. (4.37)
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The canonically conjugate equations for πtS = r and S are:
∂πtS
∂t
=−
∂H
∂S
or
∂r
∂t
= −T,
∂S
∂t
=
∂H
∂r
= 0. (4.38)
Thus, the de Donder-Weyl formulation (4.36)-(4.38) are the generalization of Hamilton’s
equations for the multi-momentum case. These equations allow for canonical momenta
associated with both the space and time (i.e. m and t) gradients. Also (4.36) for the
momentum pix = (π
t
x, π
m
x )
T can be written in the form:
∇·pix = −
∂H
∂x
where ∇ = (∂t, ∂m)
T , (4.39)
is the gradient operator in (t,m) space.
B. Multi-symplectic approach
Following Hydon (2005), we introduce the notation:
z = (x, u, p, S, r)T ≡ (x, πtx, π
m
x , S, π
t
S)
T , (4.40)
as the dependent variables describing the system. We introduce the one-forms:
ωα = Lαs dz
s, α = 0, 1, s = 1, 2, (4.41)
where
Lαs
∂zs
∂xα
= u
∂x
∂t
+ p
∂x
∂m
+ r
∂S
∂t
, (4.42)
are the terms in the Legendre transform (4.27) relating H and L (note the Lαs are the
canonical momenta in the de Donder-Weyl approach). In (4.42) x0 = t and x1 = m. From
(4.41)-(4.42) we identify the one forms:
ω0 = udx+ rdS ≡ L01dx+ L
0
4dS, ω
1 = pdx ≡ L11dx, (4.43)
as the fundamental one forms describing the system.
15
In multi-symplectic systems, the fundamental 2-forms κα = dωα are given by:
κα = dωα = d(Lαj dz
j) =
1
2
K
α
ijdz
i ∧ dzj . (4.44)
Thus,
K
α
ij =
∂Lαj
∂zi
−
∂Lαi
∂zj
, (4.45)
where the matrices Kαij are skew symmetric with respect to the 2 lower indices (e.g. Hydon
(2005), Cotter et al. (2007), Webb et al. (2014c)). The condition ∇ακ
α = 0, corresponds
to the symplecticity or conservation of phase space condition for multi-symplectic systems.
Here ∇α denotes covariant differentiation with respect to the independent variables x
α (i.e.
m and t).
Taking the exterior derivatives of ω0 and ω1 in (4.43) gives the 2-forms:
dω0 =du ∧ dx+ dr ∧ dS = dz2 ∧ dz1 + dz5 ∧ dz4 =
1
2
K
0
ijdz
i ∧ dzj ,
dω1 =dp ∧ dx = dz3 ∧ dz1 =
1
2
K
1
ijdz
i ∧ dzj . (4.46)
Thus, we identify the non-zero components of the skew-symmetric matrices Kαij as:
K
0
21 = 1, K
0
12 = −1, K
0
54 = 1, K
0
45 = −1, K
1
31 = 1, K
1
13 = −1. (4.47)
From the general theory of multi-symplectic systems (Hydon (2005)) it follows that (4.14)
can be written in the multi-symplectic form:
K
0
ij
∂zj
∂t
+ K1ij
∂zj
∂x
=
δH
δzi
, (4.48)
where H is the Hamiltonian functional:
H =
∫
Hdm. (4.49)
In the present analysis
δH
δz
=
∂H
∂z
=
(
∂H
∂x
,
∂H
∂u
,
∂H
∂p
,
∂H
∂S
,
∂H
∂r
)T
= (0, u, τ, T, 0)T . (4.50)
16
The multi-symplectic system (4.48) reduces to the matrix system


0 −1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 −1
0 0 0 1 0


∂
∂t


x
u
p
S
r


+


0 0 −1 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0


∂
∂m


x
u
p
S
r


=
∂H
∂z
. (4.51)
The component equations in (4.51) are:
− (ut + pm) = 0, xt = u, xm = τ, rt = −T, St = 0, (4.52)
which is the system (4.14) for 1D, Lagrangian gas dynamics. Note that K0ij and K
1
ij are skew
symmetric matrices.
C. Pullback and symplecticity conservation laws
From Hydon (2005) (see also Webb et al. (2014c) and Appendix A), the multi-symplectic
system (4.51) satisfies the pullback conservation laws:
Dα
(
Lαj z
j
,β − Lδ
α
β
)
= 0, α, β = 0, 1, (4.53)
where (x0, x1) = (t,m) in the present application. The pullback conservation laws can
also be derived from Noether’s theorem and correspond to invariance of the action under
translations of the independent variables (i.e. the xβ). In (4.53) the Lagrangian density L
is given by:
L =
1
2
u2 − ετ, (4.54)
where the Lagrangian L is the same as in (4.2) except the constraint terms are omitted
in (4.54). The pullback conservation laws are a consequence of the generalized Legendre
transformation (e.g. Hydon (2005)).
For β = 0, the pullback conservation law (4.53) reduces to:
DtI
0 +DmI
1 = 0, (4.55)
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where
I0 = L0jz
j
,0 − L, I
1 = L1jz
j
,0. (4.56)
Using (4.43) for ω0 and ω1 we obtain:
I0 =u
∂x
∂t
+ r
∂S
∂t
−
(
1
2
u2 − ετ
)
≡
1
2
u2 + ετ,
I1 =p
∂x
∂t
≡ pu. (4.57)
Thus, we obtain the conservation law:
∂
∂t
(
1
2
u2 + ετ
)
+
∂
∂m
(pu) = 0, (4.58)
which is the co-moving energy equation. Using (3.6), we obtain:
∂
∂m
=
∂x0
∂m
∂
∂x0
≡
1
ρ0
∂
∂x0
. (4.59)
Thus, (4.59) can also be written in the form:
∂
∂t
[
ρ0
(
1
2
u2 + ετ
)]
+
∂
∂x0
(pu) = 0. (4.60)
Using
I0 = ρ0
(
1
2
u2 + ετ
)
, I1 = pu, (4.61)
for the Lagrangian conserved density I0 and flux I1 in (4.60) and using the transformations
for the conserved Eulerian density F 0 and flux components F j:
F 0 =
I0
J
, F j =
ujI0 + xjkI
k
J
, (4.62)
where xjk = ∂x
j/∂xk0 and J = det(xjk) (Padhye and Morrison (1996a,b), Padhye (1998),
Webb et al. (2005)) where 1 ≤ j, k ≤ n (note n = 1 in our case), we obtain the Eulerian
energy conservation law:
∂
∂t
[
1
2
ρu2 + ε(ρ, S)
]
+
∂
∂x
[
ρu
(
1
2
u2 + w
)]
= 0, (4.63)
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where w = (ε+ p)/ρ is the gas enthalpy.
For the case β = 1, the pullback conservation law (4.53) reduces to:
∂I0
∂t
+
∂I1
∂m
=
∂
∂t
(uτ + rSm) +
∂
∂m
(
w −
1
2
u2
)
= 0. (4.64)
This conservation law is due to translation invariance of the action with respect to m in
Noether’s theorem. Translation in m is a fluid relabelling symmetry. This is distinctly
different than a translation in the Eulerian position variable x, which is associated with the
conservation of linear momentum in Eulerian coordinates (t, x) as independent variables.
Using the transformations (4.62) for the case n = 1 (i.e 1D gas dynamics), we obtain the
Eulerian, version of the conservation law (4.64), namely:
∂
∂t
(
u+ r
∂S
∂x
)
+
∂
∂x
(
w +
1
2
u2 + ur
∂S
∂x
)
= 0. (4.65)
Since dr/dt = −T (x, t) then the Clebsch variable r is a nonlocal variable, i.e.
r(x, t) = −
∫ t
0
T (x, t′)dt′ + r0(x0), (4.66)
is minus the Lagrangian time integral of the temperature back along the fluid path (r0(x0)
is an ‘integration constant’). By noting dS/dt = (∂/∂t + u∂x)S = 0 and using dr/dt = −T
equation (4.65) gives the Eulerian momentum equation for the fluid as:
∂u
∂t
+ u
∂u
∂x
= −
1
ρ
∂p
∂x
. (4.67)
Using the mass continuity equation (2.1), (4.67) can also be written in the momentum
conservation form:
∂(ρu)
∂t
+
∂
∂x
(
ρu2 + p
)
= 0. (4.68)
What is perhaps of most interest here, is the existence of a nonlocal conservation law (4.65)
involving the nonlocal Clebsch potential r(x, t) (see e.g. Webb et al. (2014a,b) for further
nonlocal conservation laws involving a generalized nonlocal cross helicity conservation equa-
tion in MHD and a generalized nonlocal helicity conservation equation involving r(x, t) and
the entropy S of the fluid).
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The m-translation conservation law (4.65) is connected to the Clebsch variable formula-
tion of fluid mechanics (e.g. Zakharov and Kuznetsov (1997), Morrison (1998), Webb et al.
(2014c)). In the Clebsch approach the fluid velocity u has the form:
u =
∂φ
∂x
− r
∂S
∂x
where r =
β
ρ
, (4.69)
Here (β, S) and (ρ, φ) are canonically conjugate variables and φ is the velocity potential
corresponding to potential flow (e.g. Zakharov and Kuznetsov (1997)). The potential φ
satisfies Bernoulli’s equation:
∂φ
∂t
+ u
∂φ
∂x
=
1
2
u2 − w. (4.70)
(4.65) has the conservation equation form:
Dt + Fx = 0, (4.71)
in which:
D = u+ r
∂S
∂x
=
∂φ
∂x
, F = w +
1
2
u2 + ur
∂S
∂x
= −
∂φ
∂t
. (4.72)
Thus, the conservation law (4.65), written in terms of the velocity potential φ reduces to the
equation φxt−φtx = 0, i.e. (4.65) can be written as the integrability condition φxt−φtx = 0
for φ(x, t). Similarly, the Lagrangian form of the conservation law (4.64) can be written in
the form: φθm − φmθ = 0 where ∂/∂θ = ∂/∂t + u∂/∂x is the Lagrangian time derivative
following the flow. Note that
φm = τ(u+ rSx) and φθ =
1
2
u2 − w. (4.73)
1. Symplecticity conservation law
The symplecticity conservation law for the multi-symplectic system (4.48) is the set of
conservation laws:
Dα
(
F αβγ
)
= 0, β < γ, (4.74)
where
F αβγ = z
T
,βK
αz,γ ≡ K
α
ijz
i
,βz
j
,γ . (4.75)
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These conservation laws can be derived from the pullback (i.e. treat the dependent variables
as functions of the independent variables) of the symplecticity conservation condition κα,α =
0, where
κα = dωα = d
(
Lαj dz
j
)
=
1
2
K
α
ijdz
i ∧ dzj , (4.76)
(Hydon (2005), see also Appendix A). The symplecticity conservation laws (4.74) are related
to the pullback conservation laws (4.53) by the equations:
DγGβ −DβGγ = Dα
(
F αγβ
)
, γ < β, (4.77)
where
Gβ = Dα
(
Lαj z
j
,β − Lδ
α
β
)
. (4.78)
Note that Gβ = 0 are the pullback conservation laws (4.53).
From (4.74)-(4.78), there is only one symplecticity conservation law in the present case.
The pullback symplecticity conservation law (4.74) reduces to the equation:
Dα (F
α
01) = Dt (utxm − xtum + rtSm) +Dm (ptxm − xtpm) = 0. (4.79)
The symplecticity conservation law (4.79) can be written in the form:
∂D
∂t
+
∂F
∂m
=
∂
∂t
[
∂(u, x)
∂(t,m)
+
∂(r, S)
∂(t,m)
]
+
∂
∂m
(
∂(p, x)
∂(t,m)
)
= 0, (4.80)
where ∂(φ, ψ)/∂(α, β) is the Jacobian of φ and ψ with respect to α and β. One
can show that (4.80) can be written in the form:
∂D
∂t
+
∂F
∂m
= −
∂
∂m
[
∂
∂t
(
1
2
u2 + e
)
+
∂
∂m
(pu)
]
= 0, (4.81)
where e = ετ is the internal energy density of the gas per unit mass and τ = 1/ρ.
Equation (4.81) is minus the partial derivative with respect to m of the co-
moving energy equation (4.58). The conserved density D and flux F in (4.80) can also
be reduced to:
D = −Hm, F = Ht, (4.82)
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where H = (1/2)u2 + w is the multi-symplectic Hamiltonian. Thus, the symplecticity
conservation law (4.80) is also equivalent to the equation −Hmt +Htm = 0.
D. Noether’s theorem
A multi-symplectic form of Noether’s theorem was described byWebb et al. (2014c). The
basic idea is that if the action:
A =
∫ ∫
L dmdt, (4.83)
is invariant under the infinitesimal Lie transformations:
m′ = m+ ǫV m, t′ = t+ ǫV t, z
′s = zs + ǫV z
s
, (4.84)
and under the divergence transformation:
L′ = L+ ǫDαΛ
α, (4.85)
then Noether’s theorem for the multi-symplectic system implies the conservation law:
Dt
(
V tL+ Vˆ z
s
L0s + Λ
0
)
+Dm
(
V mL+ Vˆ z
s
L1s + Λ
1
)
= 0, (4.86)
where
Vˆ z
s
= V z
s
−
(
V tDt + V
mDm
)
zs, (4.87)
is the canonical or characteristic symmetry generator for transformations of zs of the form:
z
′s = zs + ǫVˆ z
s
, t′ = t, m′ = m that are equivalent to the transformations (4.84)-(4.85).
Example Consider the infinitesimal Lie transformations (4.84)-(4.85) with:
V t = 0, V m = 1, V x = 0, Λα = 0, (α = 0, 1), (4.88)
Here z = (x, u, p, S, r)T (see (4.40)). The action is invariant under the transformations with
generators (4.88), and with the Lαj given in (4.43) where ω
α = Lαj dz
j and L01 = u, L
0
4 = r,
L11 = p are the non-zero L
α
j . Using (4.87) and (4.88) we obtain: Vˆ
x = −xm, Vˆ
S = −Sm.
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The Noether conservation law (4.86) gives:
Dt
(
Vˆ xu+ Vˆ Sr
)
+Dm
(
L+ Vˆ xp
)
= 0, (4.89)
which reduces to the nonlocal conservation law (4.64). In other words, (4.64) follows from
the m-translation invariance of the action (4.83) and Noether’s theorem.
Similarly, the Lie transformations (4.84)-(4.85) with:
V t = 1, V m = 0, V x = 0, Λ0 = Λ1 = 0, (4.90)
leaves the action (4.83) invariant under time translations and give rise to the energy conser-
vation law (4.58). The transformations (4.84)-(4.85) with:
V t = 0, V m = 0, V x = 1, Λ0 = Λ1 = 0, (4.91)
leave the action (4.83) invariant, corresponding to the x-translation invariance symmetry
and give rise, via Noether’s theorem to the x-momentum conservation law:
ut + pm = 0, (4.92)
which is the Lagrangian form of the x-momentum conservation equation.
E. Differential forms formulation
Proposition IV.1. The condition that the action:
J =
∫
ψ∗(Θ) ≡
∫
L˜dV, (4.93)
is stationary, namely δJ/δzi = 0 where Θ is the 2-form defined by the equations:
Θ =ωα ∧ dm˜α −HdV, (4.94)
dV =dt ∧ dm, dm˜α = ∂αydV, dm˜0 = dm, dm˜1 = −dt, (4.95)
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( m0 = t and m1 = m) gives the multi-symplectic system (4.48)-(4.51). In (4.93) L˜ is the
multi-symplectic Lagrangian (4.9). We obtain:
Θ =ω0 ∧ dm− ω1 ∧ dt−Hdt ∧ dm
≡πtxdx ∧ dm˜0 + π
t
SdS ∧ dm˜0 + π
m
x dx ∧ dm˜1 −Hdt ∧ dm,
≡(udx+ rdS) ∧ dm− pdx ∧ dt−HdV. (4.96)
Hence the pullback of Θ is given by:
ψ∗(Θ) = (uxt + rSt + pxm −H)dV ≡
(
Lαs
∂zs
∂mα
−H
)
dV = L˜dV. (4.97)
Proof. The proof that δJ/δzi = 0 gives the multi-symplectic system (4.51) follows
by noting ψ∗(Θ) = L˜dV and using the analysis of Hydon (2005) to obtain:
δJ
δzi
=
∂L˜
∂zi
−
∂
∂mj
(
∂L˜
∂(∂jzi)
)
= Kαij
∂zj
∂mα
−
∂H
∂zi
= 0. (4.98)
Proposition IV.2. Consider the variational functional
K[Ω] =
∫
M
Ω, (4.99)
where M is a region with boundary ∂M in the fiber bundle space in which the zi are regarded
as independent of the base manifold coordinates mα = (t,m). The form:
Ω = dΘ = dωα ∧ dm˜α − dH ∧ dV where dV = dt ∧ dm, (4.100)
is known as the Cartan-Poincare´ form. Consider variations of the functional (4.99) described
by the Lie derivative:
LV =
d
dǫ
= V i
∂
∂zi
, (4.101)
in which the base manifold variables mα are fixed. The vector field V is an arbitrary but
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smooth vector field. The variations of K[Ω] described by:
δK[Ω] =
∫
M
LV (Ω) , (4.102)
can be reduced to the form:
δK[Ω] =
∫
∂M
V pβp, (4.103)
where the forms {βp : 1 ≤ p ≤ N} (N is the number of z
i variables) are given by:
βp = K
α
pjdz
j ∧ dm˜α −
∂H
∂zp
dV, (4.104)
and ∂M is the boundary of the region M in the z-space. The set of equations βp = 0
(1 ≤ p ≤ N), can be used as a basis of Cartan forms for the multi-symplectic system
(4.48)-(4.51). The pullback of the differential forms βp = 0 to the base manifold gives the
equations:
β˜p =
(
K
α
pj
∂zj
∂mα
−
∂H
∂zp
)
dV. (4.105)
The sectioned forms β˜p vanish on the solution manifold of the multi-symplectic partial dif-
ferential equation system (4.48)-(4.51).
Proof. To prove (4.103) from (4.102) we use Cartan’s magic formula:
LVΩ = VydΩ+ d (VyΩ) ≡ d (VyΩ) , (4.106)
where we have used the fact that Ω = dΘ and dΩ = ddΘ = 0. Using (4.106) in
(4.102) and using Stokes’ theorem, we obtain:
δK[Ω] =
∫
M
d (VyΩ) =
∫
∂M
(VyΩ) . (4.107)
Using (4.100) for Ω and noting that
dωα =
1
2
K
α
ijdz
i ∧ dzj , dH =
∂H
∂zi
dzi ∧ dV, (4.108)
we obtain:
Ω =
1
2
K
α
ijdz
i ∧ dzj ∧ dm˜α −
∂H
∂zi
dzi ∧ dV. (4.109)
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Thus,
VyΩ =V p
∂
∂zp
y
(
1
2
K
α
ijdz
i ∧ dzj ∧ dm˜α −
∂H
∂zi
dzi ∧ dV
)
=V p
(
K
α
pjdz
j ∧ dm˜α −
∂H
∂zp
dV
)
= V pβp. (4.110)
In deriving (4.110) we used the anti-symmetry of the matrices Kαij and the anti-
symmetry of the wedge product to obtain the final result. Substituting (4.110)
in (4.107) now gives (4.103) and (4.104) for δK[Ω]. Note that the variational
principle
δK[Ω] =
∫
∂M
V pβp = 0 implies βp = 0, (4.111)
for 1 ≤ p ≤ N , since the V p are arbitrary smooth functions. The closure of the
differential form system of equations βp = 0 in (4.111) is a set of Cartan forms
representing the original multi-symplectic partial differential system (4.52) (see
e.g. Harrison and Estabrook (1971)).
From (4.104) we obtain the pullback forms:
β˜p = K
α
pj
∂zj
∂ms
dms ∧ dm˜α −
∂H
∂zp
dV. (4.112)
However, if there are n spatial mα components, then
dms ∧ dm˜α =dm
s ∧ (−1)αdm0 ∧ . . . ∧ dmα−1 ∧ dmα+1 ∧ . . . dmn
=dmsδsα(−1)
2αdV = δsαdV. (4.113)
For 1D gas dynamics, n = 1. Using (4.113), the pullback forms (4.112) reduce
to the forms (4.105). This completes the proof.
In the case of 1D Lagrangian, compressible gas dynamics, the forms (4.104)
reduce to:
βp = K
0
pjdz
j ∧ dm− K1ijdz
j ∧ dt−
∂H
∂zi
dt ∧ dm, 1 ≤ p ≤ 5. (4.114)
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The closure of the system of forms {βi : 1 ≤ i ≤ 5}, comprise a Cartan dif-
ferential forms representation of multi-symplectic differential equation system
(4.52). Sectioning the forms (i.e. applying the pullback to the forms) results in
the system (4.52), i.e. β˜i = 0 gives (4.52), where the tilde means sectioning the
forms.
The two-forms {β1, β2, β3, β4, β5} in (4.114) for the 1D gas dynamic system are:
β1 =− du ∧ dm+ dp ∧ dt, β2 = (dx− udt) ∧ dm,
β3 =dt ∧ (dx− τdm), β4 = −(dr + Tdt) ∧ dm, β5 = dS ∧ dm. (4.115)
In (4.115) the basic variables are z = (x, u, p, S, r)T . The specific volume τ and the tem-
perature of the gas T are functions of the enthalpy w˜(p, S) ≡ w(ρ, S), and are given by the
formulae:
w˜p = τ, and w˜S = T. (4.116)
We now show, that the 2-forms (4.115) form a closed ideal of forms that represent the gas
dynamics system (4.52) (e.g. Harrison and Estabrook (1971)). This means that the exterior
derivatives of the basis forms {βi : 1 ≤ i ≤ 5} can be written as a combination of the basis
forms (4.115) in the form:
dβi = cij ∧ βj, (4.117)
where the cij are 1-forms (some of the cij are in fact zero). Straightforward evaluation of
dβ1, dβ2 and dβ5 give the equations:
dβ1 = 0, dβ2 = β1 ∧ dt, dβ5 = 0. (4.118)
Using (4.117) gives:
dτ =dw˜p = w˜ppdp+ w˜pSdS,
dT =dw˜S = w˜Spdp+ w˜SSdS, (4.119)
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and using these results in (4.115) gives:
dβ3 =− (w˜ppdp+ w˜pSdS) ∧ dt ∧ dm,
=− w˜ppβ1 ∧ dm+ w˜pSβ5 ∧ dt. (4.120)
A similar calculation gives:
dβ4 = w˜SSβ5 ∧ dt− w˜Spβ1 ∧ dm. (4.121)
Equations (4.118), (4.120) and (4.121) demonstrates that the exterior derivatives of the
forms I = {β1, β2, β3, β4, β5} lie in the ideal I, i.e. the set I is a closed ideal of forms that
represent the 1D gas dynamic equations (4.52). We can in fact, replace the 2-forms β1 and
β5 in the ideal I by 1-forms α1 and α5 by noting:
β1 =dα1 where α1 = −udm+ pdt,
β5 =dα5 where α5 = Sdm. (4.122)
At this point we could proceed to obtain the Lie symmetries and conservation laws of
(4.52) using the ideal I and the methods ofHarrison and Estabrook (1971) andWahlquist and Estabrook
(1975). However, this lies beyond the scope of the present paper, and will be investigated
in a separate paper. Here, we merely note that for the case of an ideal gas with constant
adiabatic index γ with equation of state:
p = p0
(
τ
τ0
)
−γ
exp
(
S
Cv
)
, (4.123)
the enthalpy w˜(p, S) is given by:
w˜(p, S) =
a20
γ − 1
(
p
p0
)(γ−1)/γ
exp
(
S
γCv
)
, (4.124)
where a20 = γp0/ρ0 is the square of the sound speed of the gas in 0-state.
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V. SUMMARY AND CONCLUDING REMARKS
In this paper we cast the equations of ideal, Lagrangian 1D fluid dynamics in a multi-
symplectic form (equations (4.49)-(4.51)). We used m (the Lagrangian mass coordinate) and
time t as the independent variables. The dependent variables used were z = (x, u, p, S, r)T
where x is the Eulerian particle position, u = xt is the fluid velocity, p is the gas pressure, S is
the entropy and r is the Clebsch variable or Lagrange multiplier in the modified Lagrangian
which ensures ∂S(m, t)/∂t = 0. The equations are related to a multi-momentum, de Donder-
Weyl Hamiltonian formulation (Section 4.1) in which u = xt = ∂L/∂xt, p = ∂L/∂xm and
r = ∂L/∂St are the momentum variables and L is the Lagrangian. The same equations are
also cast in a multi-symplectic form (4.49)-(4.51), in which the Hamiltonian H = (1/2)u2+
w ≡ FE/(ρu) is the ratio of the Eulerian energy flux (FE) to the mass flux (ρu) and
w = (ε+ p)/ρ is the gas enthalpy.
We obtained the pullback conservation laws of the multisymplectic, Lagrangian gas dy-
namics system and the symplecticity conservation law (see e.g. Hydon (2005)). The pullback
conservation laws can also be obtained from Noether’s theorem for the multisymplectic sys-
tem, and correspond to the invariance of the action under time translation (giving rise to
the energy conservation law), and a conservation law associated with translations in m. The
conservation law due to translations in m is a fluid relabelling symmetry conservation law.
It is a nonlocal conservation law, involving the nonlocal Clebsch variable r which is the
Lagrange multiplier used to ensure that S is advected with the flow, (i.e. St = 0). The
variable r satisfies the evolution equation rt = −T where T is the temperature of the gas.
The m-translation conservation law (4.64) or its Eulerian version (4.65) takes its most sim-
ple form by using the Clebsch representation for the fluid velocity, namely u = ∇φ − r∇S.
Conservation law (4.65) reduces to the equation φxt − φtx = 0. Thus, both the Eulerian
Clebsch representation (e.g. Cotter et al. (2007), Webb et al. (2014c)) and the Lagrangian
versions of the multi-symplectic fluid equations (this paper) are useful. The symplecticity
law (4.80) is equivalent to a compatibility condition on the pullback conserva-
tion laws (see (4.77)). The symplecticity law (4.80) is equivalent to minus ∂/∂m
operating on the co-moving energy equation (4.58). It is also equivalent to the the
equation Hmt −Htm = 0 where H = (1/2)u
2 +w is the multi-symplectic Hamiltonian using
the Lagrangian variables.
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The Cartan-Poincare´ (n + 2)-form Ω (n = 1 in 1D gas dynamics) gives rise via the vari-
ational principle (4.99)-(4.102), to a set of two-forms I = {β1, β2, β3, β4, β5} representing
the 1D gas dynamics equations. The set I is a closed ideal of forms, which may be used
to determine the Lie symmetries and conservation laws of the system using Cartan’s geo-
metric theory of partial differential equations (e.g. Harrison and Estabrook (1971)). The
Lie point symmetries and potential symmetries of the gas dynamic equations has been
investigated by Akhatov et al. (1991), Cheviakov (2008), Bluman et al. (2006, 2010), and
Sjo¨berg and Mahomed (2004). The potential symmetries can lead to nonlocal conservation
laws of the system. Webb and Zank (2009) investigated conservation laws associated with
the scaling symmetries of the 1D gas dynamic equations and with the nonlocal symmetry
of the potential cover system of equations obtained by Sjo¨berg and Mahomed (2004).
Webb et al. (2014c) studied the 1D multi-symplectic gas dynamic equations, by using
Clebsch variables. In this paper, the multi-symplectic, Lagrangian gas dynamic equations
were obtained. In general, we expect that there is a map between the Lagrangian and Eu-
lerian multi-symplectic gas dynamic equations. This subject lies beyond the scope of the
present paper. It is of interest to extend the present 1D analysis to the fully 3D compressible
fluid dynamics and magnetohydrodynamics (MHD) equations, using for example the work
of Newcomb (1962) who obtained variational principles for the MHD using the Lagrangian
map, without using Clebsch variables. A recent comprehensive overview of multi-symplectic
systems by Roman-Roy (2009) contains other points of the theory that have not been ad-
dressed in the present development. For example, Kanatchikov (1993, 1997, 1998) and
Forger and Romero (2005) discuss the covariant Poisson brackets for multi-symplectic and
de Donder-Weyl Hamiltonian systems (see also Marsden et al. (1986) who write the field
equations in a single Poisson bracket form {F, S} = 0 where S is the action integral with
applications to electrodynamics, relativistic Maxwell-Vlasov equations in plasma physics,
and in general relativity).
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APPENDIX A
In this appendix we indicate the derivation of the pullback conservation laws (4.53) and
the symplecticity conservation laws (4.74)-(4.75) (see Hydon (2005) for more detail).
For multi-symplectic systems with associated 1-forms ωα = Lαj dz
j , the equations are:
K
α
ij
∂zj
∂xα
=
∂H(z)
∂zi
, Kαij =
∂Lαj
∂zi
−
∂Lαi
∂zj
. (A.1)
The generalized Legendre transformation for this system is:
(
Lαj dz
j
)
,α
= dL, (A.2)
where
L = Lαj z
j
,α −H(z). (A.3)
The pullback of (A.2) in which dzj = (∂zj/∂xβ)dxβ and dL = (∂L/∂xβ)dxβ gives the
pullback conservation law (4.53). Similarly, the symplecticity condition:
κα,α = 0 where κ
α = dωα =
1
2
K
α
ijdz
i ∧ dzj , (A.4)
pulled back to the base manifold with independent variables xβ, gives:
κα,α =
1
2
(
K
α
ij
∂zi
∂xβ
∂zj
∂xγ
dxβ ∧ dxγ
)
,α
= 0, (A.5)
which implies the symplecticity conservation laws (4.74)-(4.75).
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